Published by Institute of Physics Publishing for SISSA Received: June 30, 2005 Accepted: August 19, 2005 Published: August 26, 2005

Tachyon condensation and black strings

Gary T. Horowitz

Department of Physics, UCSB Santa Barbara, CA 93106, U.S.A. E-mail: gary@physics.ucsb.edu

Abstract: We show that under certain conditions, closed string tachyon condensation produces a topology changing transition from black strings to Kaluza-Klein “bubbles of nothing.” This can occur when the curvature at the horizon is much smaller than the string scale, so the black string is far from the correspondence point when it would make a transition to an excited fundamental string. This provides a dramatic new endpoint to Hawking evaporation. A similar transition occurs for black p-branes, and can be viewed as a nonextremal version of a geometric transition. Applications to AdS black holes and the AdS soliton are also discussed.

Keywords: p-branes, Black Holes in String Theory, Tachyon Condensation.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep082005091.pdf /jhep082005091.pdf

Contents

1. Introduction 1

2. Black strings with F1 charge 3

3. Two charged black strings 5 3.1 Static bubbles 6 3.2 General bubble initial data 7 3.3 AdS_3 × S^3 10

4. Further applications 11 4.1 Black p-branes 11 4.2 Asymptotically AdS solutions 12 4.3 Extremal black holes 13

5. Discussion 13

1. Introduction

It is well known that strings wound around a circle with antiperiodic fermions become tachyonic when the size of the circle shrinks below the string scale [1]. In a recent paper [2] strong evidence was given that when these tachyons are localized, the outcome of this instability is that the circle pinches off. This produces a topology changing transition in which handles can disappear or space can become disconnected.

In this paper we explore applications of this tachyon instability to black strings and branes. A charged black string wrapped around a circle causes the size of the circle to shrink to zero at the singularity. Hence it must reach the string scale at some radius which can lie inside or outside the horizon. If the circle has antiperiodic boundary conditions for fermions, then the tachyon instability will set in at this point. If the radius is inside the horizon, this occurs along a spacelike surface and the evolution past this point is no longer governed by general relativity. The spacelike singularity is replaced by the physics of the tachyon condensation. This has recently been investigated in the context of cosmology in [3] and will be applied to black strings elsewhere [4].

Here we focus on the other possibility that the circle reaches the string scale outside the horizon. This case is more analogous to the topology changing transitions discussed in [2], and tachyon condensation will cause the circle to pinch off. The resulting spacetime no longer has a horizon and describes a Kaluza-Klein (KK) bubble. KK bubbles have previously been discussed in terms of an instability of the KK vacuum [5]. A nonpertur-

– 1 – bative quantum gravity process can cause flat space cross a circle to nucleate a “bubble of nothing” which rapidly expands. For circles larger than the Planck scale, this is a very rare process. Here we have a new mechanism for forming such bubbles starting with a charged black string. In fact, one can argue that this is an inevitable consequence of Hawking radiation. Even if one starts with a charged black string with the wrapped circle larger than the string scale everywhere outside the horizon, Hawking radiation will cause the black string to approach extremality.^1 The size of the circle at the horizon will shrink and eventually reach the string scale.

It was argued in [6] (see also [7]) that charged black strings would Hawking radiate down to a correspondence point where the curvature at the horizon reaches the string scale. At this point, the black string makes a transition to an excited state of a fundamental winding string. We will see that (with antiperiodic boundary conditions around the circle) the tachyon instability can set in before the correspondence point is reached. As soon as the size of the circle reaches the string scale outside the horizon, the circle pinches off, the horizon is lost, and one forms a KK bubble.

Unlike most previous discussions of KK bubbles, these bubbles have charge, since the charge on the black string is conserved during tachyon condensation. (Charged bubbles in anti de Sitter space (AdS) were discussed in [8].) We will present exact solutions of static charged bubbles and also discuss more general bubble solutions. Both the initial black string and final bubbles can be well described by supergravity. Only the transition itself requires stringy physics. It turns out that some black strings cannot decay to a static bubble. The resulting bubble will expand outward. This provides a dramatic (and potentially catastrophic) endpoint to Hawking evaporation.

A similar phenomenon occurs for black p-branes with RR charge. If one wraps one of these branes around an appropriate circle, tachyon condensation will again produce a charged bubble. This is a nonextremal analog of what has been observed for D-branes. It has been shown that under certain conditions, a large number of branes wrapped around a cycle have a dual description in which the branes are gone and replaced by fluxes [9, 10]. This has become known as a geometric transition. Since the bubble geometry contains flux but no branes, tachyon condensation provides a nonextremal version of this geometric transition.

A circle with antiperiodic fermions has a one-loop Casimir energy which will cause it to contract [1]. So it is driven toward the tachyon instability and is not really suitable for boundary conditions at infinity. However, it was shown in [11] that one can stabilize such circles by adding suitable fluxes and branes. In particular, perturbatively stable compactifications on Riemann surfaces were found. Around some of the one-cycles, fermions must be antiperiodic. We will discuss asymptotically flat black strings with the understanding that they are good approximations to black strings wrapping circles of this type.

In the next section we consider black strings with fundamental string winding charge and discuss the transition to bubbles of nothing. In section 3 we consider the tachyon

1Winding modes are light near the horizon, but massive at infinity. So they are effectively confined and one cannot radiate away much charge.

– 2 – instability for two charged black strings, BTZ black holes (which are just their near horizon limit), and general bubble initial data. Section 4 contains applications to p-branes and other AdS black holes. The final section contains some concluding remarks and open questions.

2. Black strings with F1 charge

The simplest black string is the product of a Schwarzschild black hole and a line. If one boosts this solution and applies T-duality, one obtains a black string with F1 (fundamental string) winding charge. In D = n + 4 dimensions, the (string frame) metric is

ds^2 = H^{−1}_1 (r)[−f(r)dt^2 + dx^2] + f^{−1} (r)dr^2 + r^2dΩ_{n+1} (2.1)

where H_1(r) = 1 + r^n_0 sinh^2 α

r^n

, f(r) = 1 − r^n_0 r^n

. (2.2)

The two-form potential and dilaton are

B_{xt} = r^n_0 sinh 2α 2(r^n + r^n_0 sinh^2 α)

, e^{−2Φ} = H_1 . (2.3)

The solution depends on two free parameters, α and the horizon radius r_0, which determine the mass and charge:

M = C_nr^n_0 � n + 2 n + cosh 2α � (2.4)

where C_n is a dimension dependent constant, and the winding number is proportional to

Q = r^n_0 sinh 2α . (2.5)

Note that the dilaton goes to weak coupling near the singularity. The above solution assumes Φ → 0 asymptotically, but it can be shifted to have arbitrarily weak string coupling everywhere.

Let us periodically identify x with period L_1 and impose antiperiodic boundary conditions for fermions. Then the length of this circle monotonically shrinks from L_1 at infinity to zero at the singularity. So it will reach the string scale when H_1(r) = L^2_1/l^2_s , which can either lie inside or outside the horizon. We focus on the case that the circle reaches the string scale near the horizon. As mentioned in the introduction, this is a natural consequence of Hawking evaporation. The analysis in [2] then shows that tachyon condensation will cause the circle to pinch off. The resulting spacetime no longer has a horizon and describes a Kaluza-Klein bubble.^2 The circle will be string scale at the horizon if cosh α = L_1/l_s. To avoid tachyon condensation at large radius, we want L_1 ≫ l_s, which implies large α. However the curvature at the horizon is of order 1/r^2_0 which will still be much smaller than the string scale if r_0 ≫ l_s.

2There is no tachyon instability in the KK bubble even though the size of the circle shrinks to zero, since a tachyon only exists when the circle size does not change rapidly with radial distance.

– 3 –

One question that immediately arises is what happens to the black string entropy? The initial black string can have a large entropy (computed from the horizon area in the Einstein metric) S = r^{n+1}_0 L_1Ω_{n+1} 4G_D cosh α (2.6)

where Ω_{n+1} is the area of a unit S^{n+1}. Since a KK bubble has no intrinsic entropy, tachyon condensation must produce some radiation (or excited strings) in addition to the bubble to account for the black string entropy. Thus the mass of the final bubble must be less than the mass of the original black string. We will see in the next section that this is indeed the case. Of course, this does not answer the question of how the information gets out. That is undoubtedly related to how the tachyon condensation inside the horizon matches on the bubble formation outside the horizon when the black string evaporates [4].

Let us try to describe the resulting bubbles in more detail. These bubbles must have nonzero F1 charge, since charge is conserved in the process of tachyon condensation. It turns out to be easy to write down exact supergravity solutions describing static charged bubbles. They can be obtained from the charged black string above by a simple analytic continuation t → iχ, x → it. The result is

ds^2 = H^{−1}_1 (r)[−dt^2 + f(r)dχ^2] + f^{−1} (r)dr^2 + r^2dΩ_{n+1} . (2.7)

The dilaton and B_{μν} are both unchanged. To avoid conical singularities at r = r_0 we must periodically identify χ with period

L_b = 4π f^′(r_0)

H^{1/2}(r_0) = 4π n r_0 cosh α . (2.8)

Since B_{μν} is unchanged, so is Q. However, there is no longer a singularity to act as a source of the charge. The charge is now a result of flux on the noncontractible S^{n+1}. The radius of the bubble, r_0, agrees with the radius of the S^{n+1} on the horizon. This is expected since the tachyon condensation which pinches off the circle should not affect the area of the transverse sphere. So it is tempting to conjecture that tachyon condensation of the black string produces this static bubble. However there is a problem. The length of the circle at infinity must also be unchanged. If we start with L_1 = l_s cosh α and set L_1 = L_b, then (2.8) implies that r_0 is of order the string scale. The only charged black strings which can decay to a static bubble are those where the curvature at the horizon is of order the string scale. For the black strings we are interested in, the resulting bubble cannot be static. We will discuss these dynamical bubbles in the next section, but for later reference, let us discuss some properties of the static charged bubbles.

Since r_0 is a free parameter in (2.7), static charged bubbles come in all sizes. However its clear from (2.8) that the size of the bubble is always less than L_b. One can understand the existence of these static bubbles intuitively as follows. As we will review below, in the absence of matter bubbles exist in all sizes. Bubbles which are smaller than the size of the circle at infinity contract, and larger ones expand. Putting flux on the sphere causes it to expand, but in some cases one can start with a vacuum bubble that would normally

– 4 – contract, and add the flux to obtain a static solution. However one has a bound on how much flux can be carried by a static bubble Q L^n_b ∝ sinh α cosh^{n−1} α

. (2.9)

This is bounded from above for all n > 1, i.e., in more than five dimensions.

We now comment on the perturbative stability of the static charged bubbles. While not rigorous, the following argument gives a good idea when the static bubble is likely to be classically unstable. This problem is directly related to the stability of the black strings as follows [12]. We can decompose perturbations of the static bubble in terms of e^{ikχ} . If the bubble has an unstable mode for some k, then it probably has one for k = 0. But under analytic continuation, an χ-independent mode which grows like e^{Ωt} translates into a static perturbation of the black string with spatial dependence e^{iΩx} . There is a long history of studying perturbations of black strings starting with Gregory and Laflamme [13]. Short wavelength modes are always stable, but long wavelength modes are sometimes unstable. If they are, there must be a critical wavelength in which the perturbation is static. Conversely, a static perturbation is a good indication that longer wavelength perturbations will be unstable. The Gubser-Mitra conjecture [14] states that (infinitely long) charged black strings will be unstable if and only if their specific heat is negative.

Putting these results together, we see that the stability of static bubbles (with large L_b) depends on the sign of the specific heat of the corresponding black string. This turns out to be dimension dependent. In D = 5, 6, the specific heat is always negative, while in D > 6, the specific heat is positive in the near extremal limit. The net result is that for D = 5, 6 and large L_1, there is always a static perturbation of the black string, and hence an unstable perturbation of the corresponding bubble. In higher dimensions, the static bubbles are perturbatively stable or unstable depending on how close to extremality the corresponding black string is. We will argue below that in all cases, these bubbles are nonperturbatively unstable.

Notice that the extremal limit (r_0 → 0, Q fixed) of the black string (2.1) and static bubble (2.7) are exactly the same. They both reduce to the field of a wound string. (Of course the curvature gets large in both cases in this limit.) So we can think of them, formally, as different resolutions of the winding string singularity.

3. Two charged black strings

If we compactify on T^4 and consider the above black string in D = 6, then we can easily add a NS five-brane charge. The (string metric) for the resulting black string is

ds^2 = H^{−1}_1 (r)[−f(r)dt^2 + dx^2] + H_5(r)[f^{−1} (r)dr^2 + r^2dΩ_3] (3.1)

where H_1(r) and f(r) are given in (2.2) (with n = 2) and

H_5(r) = 1 + r^2_0 sinh^2 γ r^2

. (3.2)

– 5 –

The dilaton is now e^{−2Φ} =

H_1 H_5

(3.3)

and the mass is M = Cr^2_0(1 + cosh 2α + cosh 2γ) (3.4) with C = πL/8G_6. The addition of the five-brane increases the area of the horizon, but does not change the fact that the x circle shrinks to zero size at the singularity. So our previous discussion still applies and if the circle has length L = l_s cosh α asymptotically, the size of the circle at the horizon is of order the string scale, and we expect a transition to a bubble. The horizon curvature will be less than the string scale provided r_0 cosh α ≫ l_s. Note that there is no need to require r_0 > l_s.

There are three advantages of adding the five-brane charge which we discuss in this section. First, if Q/L^2 is small enough, these black strings can decay to static bubbles. Second, if we set α = γ the dilaton decouples. This will make it easier to discuss dynamical bubbles. Third, we can take a near horizon limit and obtain results about BTZ black holes in AdS_3.

3.1 Static bubbles Let us set α = γ, so H_1(r) = H_5(r) ≡ H(r). The integer normalized charges are proportional to Q = r^2_0 sinh 2α . (3.5) Tachyon condensation will produce a bubble with both F1 and NS5 charge.^3 A family of static bubbles with these charges can again be obtained by double analytic continuation:

ds^2 = H^{−1} (r)[−dt^2 + f(r)dχ^2] + H(r)[f^{−1} (r)dr^2 + r^2dΩ_3] . (3.6)

Regularity at r = r_0 requires that χ be periodically identified with period

L = 2πr_0 cosh^2 α . (3.7)

If we insist that r_0 and α are both unchanged during tachyon condensation, we again run into a problem. Setting L = l_s cosh α, we find r_0 cosh α = l_s so the radius of the bubble is again the string scale. This would imply that black strings with small curvature at the horizon cannot decay to static bubbles. But there is no justification for insisting that r_0 and α are both unchanged. Physically, the only requirements are that the size of the horizon equal the size of the bubble, and that Q and L are conserved. If we let r̃_0 and α̃ denote the corresponding quantities for the bubble, all three conditions are satisfied (for large α, α̃) if r_0e^α = r̃_0e^{α̃} , l_se^α = r̃_0e^{2α̃} . (3.8) These two equations imply r_0e^{α̃} = l_s. If we want the size of the horizon much larger than the string scale, r_0e^α ≫ l_s, we can simply choose α ≫ α̃. This freedom is not available in the single charged case, since the requirement that the size of the horizon agree with the size of the bubble requires that r_0 = r̃_0.

3Actually, since the dilaton vanishes, the above string metric is equivalent to the Einstein metric, so S-duality implies the same metric describes a black string with D1-D5 charges.

– 6 –

However there is still a constraint on which black strings can decay to static bubbles. The ratio of the charge Q to the size of the circle at infinity is now Q L^2 ∝ sinh α cosh^3 α

(3.9)

which is again bounded from above. So only some of the charged black strings can become static charged bubbles after tachyon condensation. To see what happens to the others, we need to consider more general bubble solutions.

3.2 General bubble initial data We will consider time symmetric initial data. As noted above, the advantage of adding the five-brane is that we can set the dilaton to zero, and only consider the metric and three-form. To get started, we will set the charge to zero and just consider vacuum initial data. Consider a spatial metric of the form

ds^2 = U(ρ)dχ^2 + dρ^2 U(ρ)h(ρ)

+ ρ^2dΩ_3 . (3.10)

Since we set the time derivative of the metric to zero, the only constraint for the vacuum initial data is the vanishing of the scalar curvature:

5R = − 1 2ρ^2

[−12 + h^′(ρ^2U^′ + 6ρU) + 2h(ρ^2U^{′′} + 6ρU^′ + 6U)] = 0 . (3.11)

Since there are two functions and only one constraint, there are many solutions. We can pick U arbitrarily and then solve (3.11) for h. To obtain bubble initial data, we want U to have a simple zero at a positive value of ρ. So let us choose

U(ρ) = 1 − ρ^2_0 ρ^2

. (3.12)

The resulting equation is easily solved for h with the result

h(ρ) = 1 + b 3ρ^2 − 2ρ^2_0

. (3.13)

We thus obtain a two parameter family of time symmetric, asymptotically flat initial data. The metric would be singular at ρ^2 = 2ρ^2_0/3, but the space smoothly pinches off at ρ = ρ_0 provided that we identify χ with period L = 2πρ_0 (1 + b/ρ^2_0)^{1/2}

. (3.14)

Since any L can be obtained by adjusting the free parameter b, we obtain initial data describing vacuum bubbles of arbitrary size ρ_0 in a space with any size circle at infinity.

The mass of these bubbles are

M = C � 2ρ^2_0 −

4π^2ρ^4_0 L^2 � (3.15)

– 7 – where we have replaced the parameter b by L. Clearly, the mass grows with radius for small bubbles, but reaches a maximum when ρ_0 = L/2π and then decreases with radius and eventually becomes negative. This shows that the positive energy theorem does not hold for our initial data. The usual spinorial proof [15] does not apply since that requires asymptotically constant spinors and in the bubble spacetime, all fermions must be antiperiodic around the circle at infinity.

The bubble size which maximizes the mass corresponds to initial data for a static bubble. The static bubble is simply a product of time and the euclidean 5D Schwarzschild metric. (This is also the double analytic continuation of a neutral black string.) Its initial data corresponds to (3.10), (3.12), (3.13) with b = 0. From (3.14) this implies ρ_0 = L/2π, which indeed corresponds to the maximum of M.

The initial data we have constructed is analogous to the bubble initial data in one lower dimension discussed in [16]. One can analytically determine whether the bubble is initially expanding or contracting [17], and the full time evolution has been found numerically [18]. The result is that small bubbles collapse^4 and large bubbles continue to expand indefinitely. One example where the evolution is known analytically, is the zero mass bubble first obtained by Witten [5]. We expect that the evolution of the above initial data will be similar, with small bubbles collapsing and large bubbles expanding. The analog of Witten’s bubble can be obtained by analytically continuing the 6D Schwarzschild solution. This would correspond to initial data with U = 1 − ρ^3_0/ρ^3, h = 1 and is not included in the above set.

Now let us add charge to these bubbles. This corresponds to putting three-form flux on the S^3. Intuitively, one expects that a nonzero charge will raise the energy of small bubbles, but it should have little effect on large bubbles. In particular, charged bubbles with negative energy should still exist. To construct initial data for charged bubbles, we set the three-form to Q(ϵ_3 +^∗ϵ_3), where ϵ_3 is the volume form on a unit S^3. Then the constraint becomes^5R = Q^2/ρ^6. If we keep U unchanged, the solution for h becomes

h(ρ) = 1 + b 3ρ^2 − 2ρ^2_0 − Q^2 4ρ^2_0ρ^2

. (3.16)

The length of the circle at infinity becomes L = 2πρ_0 (1 +^b_{ρ20} −^{Q2}_{4ρ40} )^{1/2}

(3.17)

and the mass becomes M = C � Q^2 2ρ^2_0

+ 2ρ^2_0 −

4π^2ρ^4_0 L^2 � . (3.18)

The mass now diverges as the bubble size shrinks to zero. This is the familiar effect of flux stabilizing small cycles. For L^2 ≫ Q, there is a local minimum at ρ^2_0 ≈ Q/2 and a local

4One might have thought that the small bubbles would collapse to (neutral, uniform) black strings, but in less than ten dimensions, the mass of the bubble is so low that the corresponding black strings would be unstable [19]. Since the evolution produces trapped surfaces, it must evolve to the end state of the Gregory-Laflamme instability - which is still unknown.

– 8 –

Figure 1: The mass of charged bubbles as a function of their radius, assuming Q < L^2. The local minimum is at ρ^2_0 ≈ Q/2 and the local maximum is at ρ_0 ≈ L/2π.

maximum at ρ_0 ≈ L/2π (see figure 1). One can easily verify that these extrema in the mass for fixed L again correspond to b = 0. They correspond to two of our static bubbles obtained by analytically continuing the charged black string. To show this, one takes a t = constant surface in the static charged bubble (3.6) and introduces a new radial coordinate ρ^2 = r^2 + r^2_0 sinh^2 α. Then the spatial metric takes the form (3.10) with ρ_0 = r_0 cosh α and Q^2/4ρ^2_0 = r^2_0 sinh^2 α. Within this family of initial data, the smaller bubble is locally stable, but the larger bubble is unstable. From the argument in the previous section, we expect the smaller bubble to be stable to all small perturbations since the D = 6 two charged black string has positive specific heat near extremality. However, since the mass (3.18) is unbounded from below, even the locally stable bubble will be nonperturbatively unstable.

The key question now is which of the above initial data describes the end state of tachyon condensation of our black strings. Since our black strings have large α, their horizon radius is set by the charge. This means that the resulting bubble must have ρ^2_0 ≈ Q/2. Hence if the initial black string has Q ≪ L^2, the decay will produce the static bubble. On the other hand, if L^2 < Q, M is a monotonically decreasing function of the bubble radius ρ_0. There are no extrema, and no static bubbles. Tachyon condensation produces a bubble of nothing which expands out.^5

We stated earlier that in order for entropy to increase during the process of tachyon condensation, the mass of the bubble produced must be less than the mass of the black string. It is easy to see that this is indeed the case. Our original black strings have a mass slightly larger than the extremal limit: M = C(2Q+r^2_0). The mass of our bubble initial data with ρ^2_0 = Q/2 is always less than the extremal mass. For any L, M = C(2Q − π^2Q^2/L^2). So there is always energy left over to carry the entropy.

One cannot stabilize an expanding bubble by wrapping a brane around it. Since the bubble has co-dimension three, the gravitational effect of a wrapped brane is similar to

5In the nonstatic case, there is no guarantee that tachyon condensation will yield precisely one of the bubbles in our three parameter family. The above solutions are examples of the general behavior.

– 9 – a point mass in three dimensions, and just produces a deficit angle. Ignoring the brane charge, a good model of the resulting spacetime is the usual bubble with the coordinate χ periodically identified with a period smaller than usual. Clearly, the dynamics is unaffected, and the bubble continues to expand.^6

3.3 AdS_3 × S^3

If we take the near horizon limit of the two charged black string (3.1), one obtains the product of a nonrotating BTZ black hole and S^3. This corresponds to taking r ≪ r_0 sinh α, and r ≪ r_0 sinh γ so one can drop the one in the harmonic functions H_1 and H_5. Rescaling the coordinates puts the metric into the standard BTZ form

ds^2 = − � r̂^2 − r̂^2_0 ℓ^2 � dt^2 + ℓ^2dr̂^2 r̂^2 − r̂^2_0

+ r̂^2dφ^2 (3.19)

where ℓ = r_0 sinh γ. Tachyon condensation will occur near the horizon if r̂_0 ∼ l_s. Since the curvature is constant and set by ℓ, α^′ corrections are still small. However, there is an important qualitative difference between this three dimensional case and the higher dimensional cases discussed above: pinching off the φ circle just produces a space with the same topology as AdS_3. In fact, the analog of the static bubble, obtained by double analytic continuation t → iφ and φ → it is just global AdS_3. This follows from the fact that it must have constant curvature and the same global topology as AdS_3. (It can also be checked explicitly, and holds for all values of the BTZ radius r̂_0.) So tachyon condensation in this case does not lead to an instability. The BTZ black hole simply decays to AdS_3 with radiation.

Note that there is no constraint analogous to the bound on Q/L^2 for black strings to form static bubbles in the asymptotically flat case. Here, L is essentially infinite and all BTZ black holes decay to global AdS_3

It is a good thing that there is no instability with AdS_3 × S^3 boundary conditions. Global AdS_3 corresponds to the NS vacuum for the dual 1+1 CFT on the boundary, so the fermions must be antiperiodic. Hence all black holes which form from nonsingular collapse of matter in AdS_3 must have antiperiodic boundary conditions. If there was an analog of bubbles of nothing cutting off all space, or solutions with arbitrarily negative energy, this sector of the theory would be completely unstable. This would either indicate an unexpected instability of the dual CFT, or a problem with the AdS/CFT correspondence. The RR ground state of the CFT corresponds to the M = 0 black hole with periodic fermions. A black hole in this sector could Hawking radiate down to a M = 0 black hole. However this cannot happen for a black hole formed from gravitational collapse. The black hole evaporates until r_0 ∼ l_s and then tachyon condensation causes a transition to AdS_3 × S^3 with radiation. In effect, it smooths out the endpoint of Hawking evaporation.

If one starts with an eternal BTZ black hole, one can impose either periodic or antiperiodic boundary conditions for the fermions. Since there are two asymptotically AdS_3 regions, in the latter case tachyon condensation will produce two copies of AdS_3. In terms

6I thank E. Silverstein for pointing this out.

– 10 – of the dual CFT’s, if the initial state before tachyon condensation is not a product of a state in one asymptotic CFT with a state in the other, then the final state will be entangled even though space is no longer connected.

4. Further applications

In this section we discuss applications of tachyon condensation to black p-branes, asymptotically AdS solutions, and extremal black holes. In some of these cases, the result of the transition was anticipated in the literature, but the stringy mechanism behind it was not understood.

4.1 Black p-branes

So far we have focused on black strings, but similar arguments apply to higher dimensional branes.^7 Consider a black p-brane with RR charge

ds^2 = H^{−1/2}_p (r)[−f(r)dt^2 + dx_idx^i] + H^{1/2}_p (r)[f^{−1} (r)dr^2 + r^2dΩ_{n+1}] (4.1)

where n = 7 − p, i = 1, · · · , p, and

H_p(r) = 1 + r^n_0 sinh^2 α r^n

, f(r) = 1 − r^n_0 r^n

. (4.2)

The RR field and dilaton are

C_{01···p}= r^n_0 sinh 2α 2(r^n + r^n_0 sinh^2 α)

, e^Φ = H^{(3−p)/4}_p (r) . (4.3)

If we wrap this brane around a circle by periodically identifying one of the x^i with period L, then this circle again shrinks to zero size at the singularity. If there are antiperiodic fermions around this circle, there will again be tachyon condensation when its size reaches the string scale. For cosh^{1/2} α = L/l_s, this will occur at the horizon, and the result is a KK bubble with RR charge. Static bubbles of this type can be obtained by a double analytic continuation t → iχ, x_1 → it from (4.1). However, just like the single charged black string in section 2, most of these static bubbles cannot be the end state of tachyon condensation. The periodicity of the χ circle is again given by (2.8). Setting this equal to l_s cosh^{1/2} α yields r_0 cosh^{1/2} α ≈ l_s which implies that the curvature at the horizon is of order the string scale. This is the correspondence point [6] when the description of the black brane should change to open strings on D-branes. However, it is easy to arrange for the black brane to undergo tachyon condensation when the curvature at the horizon is much smaller than the string scale. (In particular, this is always true if r_0 > l_s.) The resulting bubble must expand out.

The one exception is the three brane. This is analogous to the two-charged black string since one can allow the parameters of the bubble, r̃_0 and α̃ to differ from the black brane.

7To obtain a solution to ten dimensional string theory, one must take a product of the D dimensional black strings discussed in the previous section and a 10 − D dimensional solution. So they can be viewed as smeared black branes. We now consider the more fundamental (nonsmeared) branes.

– 11 –

The condition for the size of the horizon to equal the size of the bubble, and the charge to be conserved are both satisfied (for large α, α̃) if r^2_0e^α = r̃^2_0e^{α̃} . The constraint on forming static bubbles now depends on the charge and L. Setting n = 4 in (2.8) and Q = r^4_0 sinh 2α one finds Q L^4 ∝ sinh α cosh^3 α

(4.4)

which is bounded from above (and, surprisingly, the same as the constraint arising from the two charged black string (3.9)).

4.2 Asymptotically AdS solutions

As is well known, the near horizon limit of the extremal three-brane is AdS_5 × S^5. If we periodically identify one direction in Poincare coordinates, this spacetime has an orbifoldlike singularity at the horizon. It was shown in [20] that with antiperiodic boundary conditions for the fermions around this circle, there is a lower energy static solution, called the AdS soliton:

ds^2 = r^2 ℓ^2 � −dt^2 + f(r)dχ^2 + dx^2 + dy^2 � + f^{−1} (r) ℓ^2 r^2 dr^2 . (4.5)

This solution is just the near horizon limit of the static p = 3 bubble mentioned above. It was shown that this solution is perturbatively stable, and its energy agrees with the negative Casimir energy of the dual CFT compactified on a circle with SUSY broken by the same boundary conditions.^8 Based on this, the AdS soliton was conjectured to be the lowest energy state on the gravity side with these boundary conditions, and there is growing evidence that this is the case [21, 22]. It was reasonable to expect that some transition would cause periodically identified AdS_5 to decay to this lower energy ground state, but no mechanism was known. We now see that tachyon condensation will do precisely this.

It is interesting to compare this example with the case of AdS_3×S^3 above. Even though the geometry of the static bubble (AdS soliton) is now different from global AdS_5, one still finds a stable ground state. It appears that asymptotically AdS boundary conditions stabilize bubble type geometries, and avoid the catastrophic consequences that arise in the asymptotically flat context. However, in both of these examples, the asymptotic circle was one of the directions in Poincare coordinates. There are other possibilities where stability is less clear.

For example, AdS_5 can be written

ds^2 = � 1 + r^2 ℓ^2 � dx^2 + � 1 + r^2 ℓ^2

�_{−1} dr^2 + r^2[−dt^2 + cosh^2 tdΩ_2] . (4.6)

If x is periodically identified, this spacetime is reminiscent of a black hole with horizon at r = 0. It is a higher dimensional analog of the BTZ black hole [23], and the boundary at infinity is S^1 × dS_3. The x circle reaches a minimum size at r = 0. If this size is the

8More precisely, the Casimir energy can only be computed at weak coupling and agrees with the supergravity energy up to a factor of 3/4, the same factor which arises when comparing the near extremal entropy.

– 12 – string scale (and with antiperiodic fermions), tachyon condensation will cause it to pinch off. The result is not global AdS_5, even though the resulting space now has the same global topology as AdS_5. The reason is that (4.6) has negative energy [24, 25]. Tachyon condensation cannot increase the mass. Instead, it will produce a bubble solution. One example of a bubble with the right asymptotic geometry and lower mass is the double analytic continuation of the five dimensional Schwarzschild AdS geometry [24, 26]. In fact, in analogy with the original Kaluza-Klein vacuum instability, it was argued in [27] that the space (4.6) could decay via a gravitational instanton to this bubble of nothing. We now see that for string scale circles, there is a much more rapid mechanism for this decay.

4.3 Extremal black holes Our final application involves an old argument due to Hawking for why black holes have an intrinsic entropy while traditional solitons do not [28]. If one analytically continues a static soliton and periodically identifies euclidean time with period β, the action is simply I = βH where H is the hamiltonian. The usual thermodynamic formula for the entropy is S = � 1 − β ∂ ∂β � ln Z (4.7)

where the partition function Z is given by the integral of e^{−I} over all configurations which are periodic in imaginary time with period β. If we approximate the partition function by the classical saddle point, Z = e^{−I} , we clearly get S = 0. If one applies this to a black hole, one gets an extra term in the action coming from the fact that the euclidean solution is not a product of space and (euclidean) time. The constant t surfaces all meet at the horizon. One can write the action as a sum of a contribution from a small neighborhood of the horizon and everything outside. One finds I_{bh} = βH − A_{bh}/4, which yields the familiar result S_{bh} = A_{bh}/4. However, an extremal black hole is different. The horizon is infinitely far away, and the euclidean black hole is topologically a product. This led to the suggestion that extremal black holes might have zero entropy [29]. Shortly after this prediction was made, Strominger and Vafa [30] calculated the entropy of an extremal black hole in string theory and found the familiar result A_{bh}/4. It was suggested in [31] that one way to reconcile the euclidean quantum gravity argument with the string theory calculation is if string theory modifies the euclidean geometry for an extremal black hole. In particular, the euclidean time circles shrink to zero size as one approaches the horizon and finite temperature boundary conditions require antiperiodic fermions, so the winding modes become tachyonic. The outcome of the tachyon condensation was not known at the time, but it was suggested that IF the tachyon leads to a modified solution with the same topology as the nonextremal euclidean black hole, then the euclidean arguments would reproduce the usual answer: S_{bh} = A_{bh}/4. We now see that this is exactly what happens.

5. Discussion

We have seen that in the course of Hawking evaporation, closed string tachyons can cause a black string or black brane to turn into a Kaluza-Klein bubble of nothing. Depending on the charge and the size of the wrapped circle, the resulting bubble will be static or

– 13 – expanding. With asymptotically Kaluza-Klein boundary conditions, the nonstatic bubbles rapidly expand out to infinity cutting off all space. This is certainly a dramatic endpoint of Hawking evaporation. However the antiperiodic boundary conditions required for the fermions produce a Casimir energy which destabilizes the asymptotic circle. More physical applications require that the circle be stabilized as in [11] (or perhaps in cosmology) and the bubble evolution in these contexts remains to be investigated.

We have focused on charged black strings, but it is clear that similar results hold in the extremal limit. If one wraps a sufficient number of branes around a circle (with the right spin structure) the S^1 will become string scale when the curvature is still small. For the strings in section 2, this will be true if the winding number, N, and string coupling, g, satisfy g^2N > (L/l_s)^2. The result is again a bubble. One can also take a neutral black hole and throw in a large number of wrapped strings (or D-branes) and induce the transition.

We have discussed black strings with two charges, but what about the famous three charged strings which reduce to extremal five dimensional black holes? It is straightforward to add momentum to the above black strings by applying a boost: t → t cosh β + x sinh β, x → x cosh β + t sinh β. Since this results in

g_{xx} = r^2 + r^2_0 sinh^2 β r^2 + r^2_0 sinh^2 α

(5.1)

the circle now has a minimum radius. However if the winding charge is much greater than the momentum, β ≪ α, the circle can still reach the string scale at the horizon. Tachyon condensation will again produce a bubble. This is puzzling since a bubble cannot carry momentum. The identification which produces a smooth geometry must be done in the rest frame of the bubble. This follows from the fact that the identification is always along a Killing field which vanishes at the bubble, which is the original (unboosted) ∂/∂χ. The resolution of the puzzle seems to be that the momentum of the black string must be carried by the radiation produced when the bubble is formed. This can also be seen in the near horizon limit. A (near extremal) three charge black string has a near horizon limit which is a rotating BTZ black hole. If the size of the horizon is of order the string scale, there will be a tachyon transition to global AdS_3 which has zero angular momentum. The angular momentum remains in the radiation produced.

One can also add rotation to the charged black strings and black branes without affecting much of the results. Although we have not studied this in detail, it seems clear that tachyon condensation will still produce bubbles of nothing. However, the analog of the static bubble will now have “twisted circle” boundary conditions at infinity where space is identified under a translation plus rotation. These circles open up at infinity, so supersymmetry is locally preserved. Neutral bubbles in such spacetimes have been studied in [32].

As mentioned in the introduction, understanding tachyon condensation near the horizon of a black string is only the first step toward a complete description of tachyon condensation in the evaporation process. Significant progress has recently been made in understanding tachyon condensation inside the horizon [3], and the remaining task of matching the interior description to the exterior description is currently under investigation [4].

– 14 –

Acknowledgments It is a pleasure to thank H. Elvang and S. Minwalla for discussions, and especially J. Mc- Greevy and E. Silverstein for very helpful correspondence and collaboration at an early stage of this project. This work was supported in part by NSF grant PHY-0244764. References

[1] R. Rohm, Spontaneous supersymmetry breaking in supersymmetric string theories, Nucl.

Phys. B 237 (1984) 553.

[2] A. Adams, X. Liu, J. McGreevy, A. Saltman and E. Silverstein, Things fall apart: topology change from winding tachyons, hep-th/0502021.

[3] J. McGreevy and E. Silverstein, The tachyon at the end of the universe, hep-th/0506130. [4] G. Horowitz, J. McGreevy and E. Silverstein, in progress.

[5] E. Witten, Instability of the Kaluza-Klein vacuum, Nucl. Phys. B 195 (1982) 481. [6] G.T. Horowitz and J. Polchinski, A correspondence principle for black holes and strings, Phys. Rev. D 55 (1997) 6189 [hep-th/9612146].

[7] L. Susskind, Some speculations about black hole entropy in string theory, hep-th/9309145. [8] A. Biswas, T.K. Dey and S. Mukherji, R-charged AdS bubble, Phys. Lett. B 613 (2005) 208 [hep-th/0412124].

[9] R. Gopakumar and C. Vafa, On the gauge theory/geometry correspondence, Adv. Theor.

Math. Phys. 3 (1999) 1415 [hep-th/9811131].

[10] C. Vafa, Superstrings and topological strings at large-N, J. Math. Phys. 42 (2001) 2798 [hep-th/0008142].

[11] A. Saltman and E. Silverstein, A new handle on de Sitter compactifications, hep-th/0411271. [12] O. Sarbach and L. Lehner, Critical bubbles and implications for critical black strings, Phys.

Rev. D 71 (2005) 026002 [hep-th/0407265].

[13] R. Gregory and R. Laflamme, Black strings and p-branes are unstable, Phys. Rev. Lett. 70 (1993) 2837 [hep-th/9301052]; The instability of charged black strings and p-branes, Nucl. Phys. B 428 (1994) 399 [hep-th/9404071].

[14] S.S. Gubser and I. Mitra, Instability of charged black holes in anti-de Sitter space,

hep-th/0009126.

[15] E. Witten, A simple proof of the positive energy theorem, Commun. Math. Phys. 80 (1981) 381.

[16] D. Brill and G.T. Horowitz, Negative energy in string theory, Phys. Lett. B 262 (1991) 437. [17] S. Corley and T. Jacobson, Collapse of Kaluza-Klein bubbles, Phys. Rev. D 49 (1994) 6261 [gr-qc/9403017].

[18] O. Sarbach and L. Lehner, No naked singularities in homogeneous, spherically symmetric bubble spacetimes?, Phys. Rev. D 69 (2004) 021901 [hep-th/0308116].

[19] H. Elvang, T. Harmark and N.A. Obers, Sequences of bubbles and holes: new phases of Kaluza-Klein black holes, JHEP 01 (2005) 003 [hep-th/0407050].

– 15 –

[20] G.T. Horowitz and R.C. Myers, The AdS/CFT correspondence and a new positive energy conjecture for general relativity, Phys. Rev. D 59 (1999) 026005 [hep-th/9808079].

[21] G.J. Galloway, S. Surya and E. Woolgar, A uniqueness theorem for the AdS soliton, Phys.

Rev. Lett. 88 (2002) 101102 [hep-th/0108170]; On the geometry and mass of static, asymptotically AdS spacetimes and the uniqueness of the AdS soliton, Commun. Math. Phys. 241 (2003) 1 [hep-th/0204081].

[22] M.T. Anderson, Geometric aspects of the AdS/CFT correspondence, hep-th/0403087.

[23] M. Bañados, Constant curvature black holes, Phys. Rev. D 57 (1998) 1068 [gr-qc/9703040];

M. Bañados, A. Gomberoff and C. Martinez, Anti-de Sitter space and black holes, Class. and Quant. Grav. 15 (1998) 3575 [hep-th/9805087].

[24] V. Balasubramanian and S.F. Ross, The dual of nothing, Phys. Rev. D 66 (2002) 086002 [hep-th/0205290];

S.F. Ross and G. Titchener, Time-dependent spacetimes in AdS/CFT: bubble and black hole, JHEP 02 (2005) 021 [hep-th/0411128].

[25] R.-G. Cai, Constant curvature black hole and dual field theory, Phys. Lett. B 544 (2002) 176 [hep-th/0206223].

[26] D. Birmingham and M. Rinaldi, Bubbles in anti-de Sitter space, Phys. Lett. B 544 (2002) 316 [hep-th/0205246].

[27] V. Balasubramanian, K. Larjo and J. Simon, Much ado about nothing, hep-th/0502111.

[28] S.W. Hawking, The path integral approach to quantum gravity, in General relativity: an Einstein centenary survey, S. Hawking and W. Israel, Cambridge University Press, Cambridge 1979.

[29] S.W. Hawking, G.T. Horowitz and S.F. Ross, Entropy, area and black hole pairs, Phys. Rev.

D 51 (1995) 4302 [gr-qc/9409013].

[30] A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys.

Lett. B 379 (1996) 99 [hep-th/9601029].

[31] G.T. Horowitz, The origin of black hole entropy in string theory, gr-qc/9604051.

[32] F. Dowker, J.P. Gauntlett, G.W. Gibbons and G.T. Horowitz, The decay of magnetic fields in Kaluza-Klein theory, Phys. Rev. D 52 (1995) 6929 [hep-th/9507143]; M.S. Costa and M. Gutperle, The Kaluza-Klein melvin solution in M-theory, JHEP 03 (2001) 027 [hep-th/0012072];

O. Aharony, M. Fabinger, G.T. Horowitz and E. Silverstein, Clean time-dependent string backgrounds from bubble baths, JHEP 07 (2002) 007 [hep-th/0204158], and references therein.

– 16 –